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This paper is concerned with the study of Mahler’s measure of an univariate
polynomial. A theorem of Szego says that the measure of P is equal to the infimum
of &PQ&2 where Q is a monic polynomial. Here we study how the infimum of
&PQ&2 , where Q is monic and has degree k, tends to the measure of P when k
tends to infinity: this answers a question raised by Cerlienco, Mignotte and Piras
[J. Symbolic Comput. 4, No. 1 (1987), 2134].  1997 Academic Press
I. STATEMENT OF THE RESULT
The Mahler’s measure of a nonzero polynomial
P(z)=anzn+ } } } +a0=an ‘
n
i=1
(z&:i),
is defined by
M(P)=exp \ 12? |
2?
0
log |P(ei%)| d%+=|an| ‘
n
i=1
max(1, |:i | ).
The use of this quantity in number theory is essentially due to Mahler [4].
An upper bound for the measure of a polynomial is given by
M(P)&P&2 ,
where & }&2 denotes the L2 norm, defined by
&P&2=\ :
n
i=0
|ai | 2+
12
=\ 12? |
2?
0
|P(ei%)| 2 d%+
12
.
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Another definition of Mahler’s measure comes from Szego ’s Theorem.
Recall that Q is monic if its leading coefficient is 1.
Theorem. Let P be a nonhero polynomial with complex coefficients, then
M(P)=inf[&PQ&2; Q monic].
Remark. This theorem was generalized by A. Durand [2], who observed
that, for any real number +>0, we have also
M(P)=inf[&PQ&+ ; Q monic],
where the norm &P&+ is defined by
&P&+=\ 12? |
2?
0
|P(ei%)|+ d%+
1+
.
Definition. Let, for k=1, 2, ..., the k-dimensional Mahler measure
Mk(P) be defined by
Mk(P)=inf[&PQ&2 ; Q monic and deg(Q)=k]. (1)
By Szego ’s Theorem, we have
M(P)Mk(P) and Mk(P)  M(P) when k  +.
Lawton [3] showed that the sequence Mk(P) can be computed without
any specific knowledge about the roots of the polynomial P, but he did not
give any quantitative estimate for the convergence of Mk(P) to M(P). This
is the question that we address here. In other words: given =>0, find an
effective integer k0 such that for all kk0 we have:
Mk(P)(1+=) M(P).
This will give a constructive proof of Szego ’s theorem.
The following theorem gives the answer.
Theorem. For any polynomial P with exact degree n, and for any positive
integer k, we have:
Mk(P)\ ‘
n&1
i=0 \1+
n
n&i+k++
12
M(P),
and this inequality is best possible.
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Remark. Of course, we have
\ ‘
n&1
i=0 \1+
n
n&i+k++
12
 1 when k  +.
II. PROOF OF THE THEOREM
Assume that the integer k is fixed and until the end of the proof let Q
denote the monic polynomial with degree k realizing the infimum in (1),
that is, such that
Mk(P)=&QP&2 .
If R(z) is a polynomial of C[z] and m a positive integer, we denote by
coeff(zm, R) the coefficient of zm in R(z).
Our proof will proceed with two lemmas. The first one is due to
K. Mahler [5].
Lemma 1. Let P be a polynomial with degree n. If P$ is the derivative of
P, we have:
M(P$)nM(P).
The second lemma is a characterization of the optimal polynomial Q.
Lemma 2. With the previous notations, we have for all integers i, 0i
k&1,
coeff(zn+i, QPP*)=0, (2)
and
coeff(zn+k, QPP*)=(Mk(P))2, (3)
where P* denotes the reciprocal polynomial of P, defined by
P*(z)=znP (1z).
Proof of Lemma 2. We denote by Pi the polynomial of degree n+i
defined by
Pi (z)=ziP(z),
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and let
Q(z)=zk+bk&1 zk&1+ } } } +b0 .
We have
&PQ&2=&P } (zk+bk&1zk&1+ } } } +b0)&2
=&Pk+bk&1Pk&1+ } } } +b0P0 &2 .
By definition of Q, we have:
&Pk+bk&1 Pk&1+ } } } +b0P0&2
= inf
; 0, ..., ;k&1
&Pk+;k&1Pk&1+ } } } +;0 P0 &2 .
Then, if ( . , . ) denotes the usual inner product of C[z] associated to the
L2 norm, we have for all integers j such that 0 jk&1,
(Pk+bk&1Pk&1+ } } } +b0P0 , Pj)=0,
thus
(QP, z jP)=0.
Then for all j=0, ..., k&1,
1
2? |
2?
0
QP(ei%) P(ei%) e&ij% d%=0,
which means
1
2? |
2?
0
QP(ei%) P*(ei%) e&i(n+ j) % d%=0,
that is
coeff(zn+ j, QPP*)=0.
On the other hand we have
(Mk(P))2=(PQ, PQ)=(PQ, Pk) =coeff(zn+k, QPP*)
which concludes the proof of the lemma.
We now turn back to the proof of the theorem.
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We have
(Mk(P))2=coeff(zn+k, QPP*)=
k !
(n+k)!
coeff(zk, (QPP*)(n)),
where (QPP*)(n) denotes the nth derivative of QPP*. The relations (2) say
that the last k coefficients of (QPP*)(n) are zero, and that the coefficient of
zk in (QPP*)(n) is the first non-zero coefficient of this polynomial. It is
easily seen that the first non-zero coefficient of a polynomial is in modulus
less than its Mahler measure, therefore
coeff(zk, (QPP*)(n))M((QPP*)(n))
so
(Mk(P))2
k!
(n+k)!
M((QPP*)(n)).
Using Lemma 1 n times, we obtain
(Mk(P))2
k !
(n+k)!
(2n+k!)
(n+k)!
M(QPP*)
\ ‘
n&1
i=0 \1+
n
n&i+k++ M(Q) M(P) M(P*).
To prove the theorem it remains to show that M(P)=M(P*) and that
M(Q)=1. The equality M(P)=M(P*) is easily proved observing that for
all complex number z such that |z|=1 we have |P(z)|=|P*(z)|. On the
other hand, Q is a monic polynomial, so M(Q)=1 means that all its roots
lie inside or on the unit-circle. On the contrary, suppose that we can find
a complex number : with |:|>1 and a monic polynomial R with degree
k&1, such that
Q(z)=(z&:) R(z).
Denote by Q the monic polynomial defined by
Q (z)=(z&1: ) R(z).
Using the fact that all complex numbers z such that |z|=1 satisfy
|z&:|=|:| |z&1: |,
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we obtain that
&QP&2>&Q P&2
which contradicts the hypothesis and therefore proves that M(Q)=1.
To conclude the proof of the theorem, it remains to show that the
inequality is best possible. For this, we consider the polynomial
P(z)=(z+1)n.
Then
P*(z)=(z+1)n.
By lemma 2, we have that
(Q(z+1)2n)(n)=
(2n+k)!
(n+k)!
zk(z+1)n,
therefore
(Mk((z+1)n))2=
k !(2n+k)!
((n+k)!)2
,
which ends the proof.
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